Abstract. Muthukumar and Ponnusamy [9] studied the multiplication operators on T p spaces. In this article, we mainly consider multiplication operators between T p and T q (p = q). In particular, we characterize bounded and compact multiplication operators from T p to T q . For p = q, we prove that there are no invertible multiplication operators from T p to T q and also there are no isometric multiplication operators from T p to T q . Finally, we discuss about fixed points of a multiplication operator on T p .
Introduction
Let X be a normed space of functions defined on a set Ω. For a complex-valued map ψ on Ω, the inducing multiplication operator is denoted by M ψ and defined by M ψ f = ψf for every f ∈ X.
The study of multiplication operators acts as bridge between operator theory and function theory. Multiplication operators on various analytic function spaces on the open unit disk have been studied for many years, and the literature is extensive. Recent years, considerable work has been done on multiplication operators on the spaces of functions defined on trees. See for example [1, 2, 3, 4, 5, 6, 7] .
A discrete analogue (T p ) of Hardy spaces on homogeneous rooted trees were defined in [9] . In the same article, multiplication operators on T p spaces were studied. Study of composition operators on T p spaces were intiated and developed in [10] and [11] , respectively. In this article, we deal with the study of multiplication operators between various T p spaces. Also, we consider general rooted trees instead of homogeneous rooted trees.
The paper is organized as follows. We refer to Section 2 for basic definitions and preliminaries about T p spaces. In Section 3, we give characterization of bounded multiplication operators from T p to T q . Also, we compute their operator norms for each case. We investigate about isometric multiplication operators from T p to T q in Section 4. In Section 5, we provide necessary and sufficient conditions for a multiplication operator to be a compact operator. In Section 6, we prove that there is no invertible multiplication operators from T p to T q for p = q. Finally, in Section 7, we discuss about fixed points of a multiplication operator on T p .
Preliminaries
Let us fix some notation for throughout the paper. Let T be an infinite rooted tree with root o. For each vertex v ∈ T , the number of edges in the unique path connecting the root o and the vertex v, is denoted by |v|. For n ∈ N 0 , let D n denote the set of all vertices v ∈ T with |v| = n and denote the number of elements in D n by c n . Further, C denotes the set of all complex numbers, N = {1, 2, . . .} and N 0 = N ∪ {0}. By a function on T , we mean a complex-valued function defined on the vertex set of T .
For every p ∈ (0, ∞], the discrete analogue of the generalized Hardy space T p (see [9] ), is defined by
where M ∞ (n, f ) := max |v|=n |f (v)| and for p < ∞,
Similarly, the discrete analogue of the generalized little Hardy space, denoted by
Two vertices u, v ∈ T are said to be neighbours if there is an edge connecting them. If every vertex of T has k neighbours, then T is said to be k-homogeneous tree. The following results in this section were proved in [9] for homogeneous rooted trees. It is trivial to see that the following results are valid for general rooted trees and proofs are similar to that of homogeneous rooted trees case.
Theorem A. (Growth Estimate) ([9, Lemma 3.12]) Let T be an infinite rooted tree and 0 < p < ∞. If f is an element of T p or T p,0 , then we have Theorem C. ([9, Theorems 3.10 and 3.11]) For 0 < p ≤ ∞, the space T p is not separable, whereas T p,0 is a separable space as the span of {χ v : v ∈ T } is dense in T p,0 .
bounded Multiplication Operators
Before we get into discussion on multiplication operators, let us observe from Lemma 1, the inclusion properties of T p spaces, namely:
(1) If sup n∈N 0 c n < ∞, then T p = T ∞ for all p > 0.
(2) If sup n∈N 0 c n = ∞, then T q T p for 0 < p < q.
Lemma 1. Let T be an infinite rooted tree and 0 < p < q < ∞. Then, for f : T → C and for each n ∈ N 0 , we have
Thus,
By [9, Lemma 3.6], we have for 0 < p < q < ∞,
For 0 < p < q < ∞, one has
Finally, for each v ∈ D n , note that
In particular,
From above inequalities, for each n ∈ N 0 , we have
This completes the proof. 
Proof. By lemma 1, T q is a subset of T p for 0 < p < q. It is easy to see that this inclusion is proper. For example, choose a sequence of vertices {v n } such that |v n | = n for all n ∈ N. Fix r > 0 such that p < r < q. Consider the function f defined by
In this section, we will consider the bounded multiplication operators between various T p spaces. We will look into this case by case.
Theorem 1. Let ψ be a complex-valued function on T and let 0 < q < p < ∞. Then the following are equivalent:
This gives that, whenever ψ ∈ T pq p−q , M ψ maps T p to T q and T p,0 to T q,0 with
This proves the implications (c) ⇒ (a) and (c) ⇒ (b).
For the converse part, for each n ∈ N 0 , define f n on T by
Then,
Thus, for each n ∈ N 0 , we have
Since each f n ∈ T p,0 and as well as in T p , we obtain the implications (a) ⇒ (c) and (b) ⇒ (c). Moveover, it also gives that
It completes the proof.
Theorem 2. Let ψ be a function from T to C and let 0 < p < ∞. Then the following are equivalent:
Proof. Since the proof of (c) ⇔ (b) is similar to that of (c) ⇔ (a), it is enough to prove that (c) ⇔ (a). To prove this, we see that for each n ∈ N 0 ,
By taking supremum over n ∈ N 0 on both sides, we get that
Let us prove the converse part now. Assume that
so that f ∞ = 1 and
Since n ∈ N 0 was arbitrary, we get
Therefore, ψ should be in T p . This completes the proof. 
(c) sup
Proof. For f ∈ T p and n ∈ N 0 , we have
For the other way implications, fix n ∈ N 0 and choose v n ∈ D n such that
Since n ∈ N 0 was arbitrary and f is in T p,0 and as well in T p , we get the implications (b) ⇒ (c) and (a) ⇒ (c) with
The theorem follows.
Theorem 4. Let ψ be a function from T to C and let 0 < p < q < ∞. Then the following are equivalent:
In this case,
That is,
This yields that (c) ⇒ (a) and (c) ⇒ (b) with
For the converse implications, fix n ∈ N 0 and choose
n so that f p = 1 and
and thus,
Since the functions f used in this part of proof lies in T p,0 as well in T p , it proves the implications (b) ⇒ (c) and (a) ⇒ (c). The norm estimate
follows from the lines of the proof.
Isometry
A linear operator A from a Banach space (X, . X ) to a Banach space (Y, . Y ) is said to be an isometry if Ax Y = x X for all x ∈ X.
In this section, we discuss about isometric multiplication operators between various T p spaces. First, we recall a result from [9] that characterizes isometric multiplication operators on T p .
Theorem E. ([9, Theorem 4.10]) Let X be either T p or T p,0 , where 0 < p ≤ ∞ and let M ψ : X → X be a bounded operator on X. Then M ψ is an isometry on X if and only if |ψ(v)| = 1 for all v ∈ T .
Theorem 5. Let T be a rooted tree such that {c n } is unbounded and let p, q ∈ (0, ∞] with p = q. Then, there is no isometric multiplication operator M ψ from T p to T q .
Proof. We prove our claim case by case.
Then f p = 1, but
This forces that M ψ : T p → T ∞ cannot be an isometry.
For each v ∈ T , we have χ v ∞ = 1. For M ψ to be an isometry, we must have
This yields that |ψ(v)| = (c |v| )
n , which implies that ψ / ∈ T p . Then by Theorem 2, M ψ is not a bounded operator. Hence, there does not exist an isometric multiplication operator from T ∞ to T p .
For M ψ to be an isometry, we should have ψf q = 1 which implies that 
is not bounded. Thus, M ψ is a unbounded operator by Theorem 1. Hence, M ψ : T p → T q cannot be isometry.
By similar arguments as in Case 3, we have
Then, we have
and ψf q = 2c
q and thus f p = ψf q . Hence M ψ : T p → T q fails to be an isometry.
Test functions that we used in Theorem 5, lie in T p,0 . Therefore, we have the following result.
Corollary 3. Let T be a rooted tree such that {c n } is unbounded and let p, q ∈ (0, ∞] with p = q. Then, there does not exist an isometric multiplication operator M ψ from T p,0 to T q,0 .
Compact Multiplication Operators
This section is devoted to compact multiplication operators between various T p spaces. In view of [10, Theorem 7] and [9, Lemma 4.8], we prove a general result. The following result characterizes compact operators between T p spaces.
Theorem 6. Let T be a rooted tree and let A be a linear operator such that
Af n → 0 pointwise in T q whenever f n → 0 pointwise in T p . Then, A : T p → T q is compact if and only if for every bounded sequence {f n } in T p that converges to 0 pointwise, the sequence Af n q → 0 as n → ∞.
Proof. Assume that A : T p → T q is compact. Suppose that {f n } is a bounded sequence in T p , converging to 0 pointwise. Then, there is a subsequence {f n k } of {f n } such that {Af n k } converges in . q to some function, say, f . It follows that {Af n k } converges to f pointwise. Since the pointwise convergence of {f n } to 0 implies that f ≡ 0. Thus, we deduce that {Af n k } converges to 0 in . q . Now, it is easy to verify that the sequence Af n q → 0 as n → ∞.
To prove the converse part, let us begin by assuming that for every bounded sequence {f n } in T p converging to 0 pointwise, then the sequence Af n q → 0 as n → ∞. Let {g n } be a bounded sequence in T p . Without loss of generality, assume that g n p ≤ 1 for all n. Then, by Lemma A, for each fixed v ∈ T , {g n (v)} is a bounded sequence. By the diagonalization process, there is a subsequence {g n k } of {g n } such that {g n k } converges pointwise to g (say). Since M p (m, g n k ) → M p (m, g) for each m ∈ N 0 and g n k ≤ 1 for all k, we have M p (m, g) ≤ 1 for all m which implies that g ∈ T p with g p ≤ 1. Take f k = g n k − g ∈ T p so that f k converges to 0 pointwise. By our assumption, the sequence Af k q → 0 as k → ∞. This proves that A is a compact operator.
Since ψf n → 0 pointwise whenever f n → 0 pointwise for any complex-valued map ψ, we have a following consequence. The following simple observations will be useful in the sequal.
(1) For any complex sequence {x n }, x n → 0 as n → ∞ if and only if sup n≥N |x n | → 0 as N → ∞. (2) Finite rank operators are compact and norm limit of a sequence of compact operators is again a compact operator. Next, we discuss the compactness of multiplication operator between T p spaces case by case.
Theorem F. [9, Theorem 4.7] Let X be either T p or T p,0 , where 0 < p ≤ ∞ and let M ψ : X → X be a bounded multiplication operator on X. Then M ψ is a compact operator on X if and only if ψ(v) → 0 as |v| → ∞.
is a compact operator if and only if
Proof. Let ψ be an arbitrary function such that c 1 p n M ∞ (n, ψ) → 0 as n → ∞. Consider {ψ n } n∈N , where
Thus, M ψn is a finite rank operator and hence, is a compact operator for every n. Moreover,
which approaches to zero as n → ∞. Hence, M ψ , being the limit of the sequence {M ψn } of compact operators, is a compact operator. Conversely, assume that M ψ is compact. For each n ∈ N 0 , choose v n ∈ D n such that |ψ(v n )| = M ∞ (n, ψ) and define f n by
Then, f n p = 1 for all n ∈ N 0 and for each fixed v ∈ T , f n (v) = 0 for all n > |v|. This implies that f n converges pointwise to 0. Therefore, by Corollary 4, we get
The desired result follows.
Proof. Suppose that M p (n, ψ) → 0 as n → ∞. Define {ψ n } as in Theorem 7. Then, M ψn is a compact operator for every n. Since
approaches to zero as n → ∞, M ψ is a compact operator. Convesely, assume that M ψ is a compact operator. Define f n by
Then, f n ∞ = 1 for all n ∈ N 0 and f n converges to 0 pointwise. Corollary 4 gives that,
Proof. Let ψ be an arbitrary function such that M pq p−q (n, ψ) → 0 as n → ∞. For each n, define {ψ n } as in Theorem 7. Then, M ψn is a compact operator for every n and
By the hypothesis, M ψn − M ψ → 0 as k → ∞. Hence, M ψ is a compact operator.
For the proof of converse part, let us assume that M ψ is compact. Define f n by
so that f n p = 1 for all n ∈ N 0 . It is easy to see that f n converges to 0 pointwise and
By Corollary 4, we have M pq p−q (n, ψ) → 0 as n → ∞. Hence the theorem. 
Proof. Let ψ be an arbitrary complex-valued function such that c
For each n, define {ψ n } as in Theorem 7, so that M ψn is a compact operator for every n. Moreover,
which converges to zero as n → ∞. This forces that, M ψ is compact.
For the proof of converse part, assume that M ψ is a compact operator. For n ∈ N 0 , choose v n ∈ D n in such a way that |ψ(v n )| = M ∞ (n, ψ) and define f n by
Thus, we have f n p = 1 for all n ∈ N 0 and f n converges pointwise to 0. As a consequence of Corollary 4, we see that
This proves our claim. 
Invertible Multiplication Operators
We devote this section for the discussion on invertiblity of multiplication operators between various T p spaces,
Proof. Suppose M ψ is an invertible operator from T p to T q . Then, there exists a bounded linear operator B :
In particular, ψ(v)Bf (v) = f (v) for all v ∈ T and for all f ∈ T q . For each fixed v ∈ T , by setting f = χ v , characteristic function on {v}, we see that ψ(v)Bf (v) = 1 and thus ψ(v) = 0. Since v ∈ T was arbitrary, ψ(v) = 0 for all v ∈ T and thus,
Therefore, B = A −1 is a multiplication operator induced by Conversely, assume that there exist m, M > 0 such that m ≤ |ψ(v)| ≤ M for all v ∈ T . We have
Thus, M ψ is an invertible operator on T p . The desired result follows. Proof. Suppose that M ψ : T p → T q is surjective. Fix w ∈ T . Then, as χ w ∈ T q , there exist f ∈ T p such that M ψ (f ) = χ w . This means that ψ(v)f (v) = χ w (v) for all v ∈ T . In particular ψ(w)f (w) = 1 and therefore, ψ(w) = 0. Since w ∈ T was arbitrary, we get ψ(v) = 0 for all v ∈ T . Hence, by Theorem 14, M ψ : T p → T q is injective.
Theorem 15. Let T be a rooted tree such that {c n } is unbounded and let p, q ∈ [1, ∞] with p = q. Then no bounded multiplication operator M ψ : T p → T q is onto.
Proof. Suppose that M ψ : T p → T q is onto. Then, by Proposition 2, M ψ : T p → T q is bijective. Note that T r is a Banach space for each r ≥ 1. By inverse mapping theorem [8, Theorem 12.5], M ψ : T p → T q is an invertible operator, which is a contradiction to the fact that there does not exist an invertible multiplication operator between T p and T q when p = q. Thus, a bounded multiplication operator M ψ : T p → T q never be onto.
Fixed points
Let A be a linear operator on a normed linear space X. An element x ∈ X is called a fixed point of A if Ax = x.
Theorem 16. Let M ψ : T p → T p be a bounded multiplication operator and let E = {v ∈ T : ψ(v) = 1}. Then, the collection of all fixed points of M ψ is preciously the closed subspace {f ∈ T p : f | E = 0}.
Proof. Since M ψ is bounded operator on T p , we have ψ ∈ T ∞ and thus ψ − 1 ∈ T ∞ , which shows that M ψ−1 is a bounded operator on T p . A function f ∈ T p is a fixed point of M ψ if and only if (ψ − 1)f = 0, i.e., f ∈ ker(M ψ−1 ). Since kernel of a bounded operator is a closed subspace, the collection of all fixed points of M ψ is a closed subspace of T p so that the conclusion (ψ − 1)f = 0 forces that f = 0 on E. Hence, the collection of all fixed points of M ψ is preciously the closed subspace {f ∈ T p : f | E = 0}.
Corollary 13. Take E = {v ∈ T : ψ(v) = 1}. Then, the collection of all fixed points of M ψ : T p,0 → T p,0 is nothing but, the closed subspace {f ∈ T p,0 : f | E = 0}.
